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Behavior of Supercooled Aqueous Solutions Stemming from Hidden Liquid-Liquid
Transition in Water
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A popular hypothesis that explains the anomalies of supercooled water is the existence of a
metastable liquid-liquid transition hidden below the line of homogeneous nucleation. If this transi-
tion exists and if it is terminated by a critical point, the addition of a solute should generate a line
of liquid-liquid critical points emanating from the critical point of pure metastable water. We have
analyzed thermodynamic consequences of this scenario. In particular, we consider the behavior of
two systems, H2O-NaCl and H2O-glycerol. We find the behavior of the heat capacity in supercooled
aqueous solutions of NaCl, as reported by Archer and Carter, to be consistent with the presence of
the metastable liquid-liquid transition. We elucidate the non-conserved nature of the order param-
eter (extent of “reaction” between two alternative structures of water) and the consequences of its
coupling with conserved properties (density and concentration). We also show how the shape of the
critical line in a solution controls the difference in concentration of the coexisting liquid phases.
I. INTRODUCTION
There is a fascinating idea, known as “water’s
polyamorphism”, that hypothesizes the existence and
possible phase separation of two alternative structures of
different densities in supercooled liquid water [1–4]. This
hypothesized liquid-liquid coexistence, terminated by a
critical point, is not directly accessible to bulk-water ex-
periments because it is presumably located a few degrees
below the line of homogeneous nucleation of ice [2, 4, 5].
Fresh approaches to resolving the question of the exis-
tence of water’s polyamorphism are especially desirable
in view of conflicting reports on simulations in water-like
models [6–19].
If the hidden liquid-liquid transition exists in
metastable water, the addition of a solute will generate
critical lines emanating from the pure-water critical point
[20, 21]. Thermodynamic analysis of these metastable
critical phenomena would be conceptually similar to what
is used [22–26] near the well understood vapor-liquid crit-
ical point of a solvent upon addition a solute. Moreover,
in many aqueous solutions, as well as simulated mod-
els, the temperature of homogeneous nucleation is shifted
to lower temperatures upon addition of a solute [27–29],
which may provide a new way to access the vicinity of the
hypothesized liquid-liquid transition. Figure 1 shows sug-
gested phase behavior of supercooled aqueous solutions of
sodium chloride, in which the hypothetical liquid-liquid
transitions between high-density liquid (HDL) and low-
density liquid (LDL) are hidden by homogeneous nucle-
ation. Such behavior is also supported by experiments on
the melting lines of metastable ice polymorphs in aque-
ous solutions of lithium chloride [30] and by simulations
of the TIP4P water model upon addition of sodium chlo-
ride [31, 32].
Archer and Carter [33] measured the heat capacity of
∗
anisimov@umd.edu
pure water and aqueous NaCl solutions at ambient pres-
sure and temperatures down to 236 K for pure water and
down to 202 K in solutions. They found a dramatic sup-
pression of the heat-capacity anomaly upon addition of
NaCl. Archer and Carter have interpreted their results as
evidence against the existence of the liquid-liquid tran-
sition in water. On the contrary, we find the peculiar
behavior of the heat capacity in metastable aqueous so-
lutions of NaCl [33] to be in agreement with the hypoth-
esis of a liquid-liquid transition and liquid-liquid critical
point. A suggested phase diagram for supercooled aque-
ous solutions of sodium chloride is shown in Fig. 1.
Murata and Tanaka have reported direct visual obser-
vation of a liquid-liquid transition in supercooled aqueous
solutions of glycerol [35]. They have argued that the for-
mation of a more stable liquid phase in this solution may
occur by two alternative types of kinetics: nucleation and
spinodal decomposition. They have also claimed that
the transition is mainly driven by the local structuring
of water rather than of glycerol, suggesting a link to the
hypothesized liquid-liquid transition in pure water. How-
ever, they did not observe two-phase coexistence, leading
them to claim that the transition is “isocompositional”
and the nucleation and spinodal decomposition occurs
“without macroscopic phase separation.”
In this paper, we analyze the thermodynamic conse-
quences of the existence of liquid-liquid transitions in
supercooled aqueous solutions stemming from the liquid-
liquid transition in pure water. Unlike liquid-liquid phase
separation in binary solutions caused by non-ideality of
mixing between two species [36, 37], the offspring of the
liquid-liquid transition in pure water are begotten of the
non-ideality of mixing between two alternative structures
of water. We show that the behavior of these solutions is
controlled by the shape of the critical line emanating from
the critical point of pure water and by the thermody-
namic path along which the transition is approached. We
elucidate the nature of the scalar, non-conserved order
parameter in supercooled water and aqueous solutions,
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FIG. 1. Suggested phase diagram for supercooled aqueous
solutions of sodium chloride exhibiting liquid-liquid transi-
tions hidden by homogeneous ice formation. Solid pink curves
show homogeneous ice formation as obtained by Kanno and
Angell [27]. TM labels the equilibrium melting temperatures
of pure water. The liquid-liquid transitions between HDL
and LDL for various concentrations of NaCl are shown by
blue curves. The hypothesized critical line in the solution is
shown by red, and the Widom line for pure water is shown by
dashed blue. The location of the critical point in pure water is
shown as predicted by Holten and Anisimov [34] (T c=227.4 K,
Pc=13.5 MPa). Upon cooling at constant composition, the
phase transition line in the solution is split into two curves.
The blue curves correspond to the appearance of the first drop
of LDL; the branches corresponding to the disappearance of
the last drop of HDL are not shown. TMD indicates the curve
of maximum density in pure water.
its coupling with conserved properties such as density
and concentration, and the character of nucleation and
spinodal decomposition, which can occur with or with-
out phase separation, depending on the thermodynamic
path.
II. THEORY
A. Formulation of the Model: Two-Structures in
Liquid Water
Liquid–liquid phase separation in water can be ele-
gantly explained if water is viewed as a mixture of two
interconvertible structures, involving the same molecules,
whose ratio is controlled by “chemical-reaction” equilib-
rium [38]. The existence of two structures does not neces-
sarily mean that phase separation will occur [17, 39–41].
However, if the mixture of two structures is sufficiently
non-ideal, a positive excess Gibbs energy of mixing could
cause phase separation [34, 42].
X-ray scattering [43] and spectroscopy experiments
[44] are consistent with the existence of a bimodal dis-
tribution of molecular configurations in water. Further-
more, the existence of two different forms of liquid water
is supported by the recent observation of two different
glass transitions in water [45].
We assume that liquid water at low temperatures can
be described as a mixture of a high-density structure A
and a low-density structure B. Structure B is character-
ized by a hydrogen bond network similar to that in ice,
with each molecule surrounded by four nearest neighbors.
In structure A, each molecule has up to two more near-
est neighbors. It is important to note that both LDL
and HDL are mixtures of the two structures A and B.
The fraction of molecules that form structure B in ei-
ther liquid state is denoted by ϕ, and is controlled by the
“reaction”
A⇋ B. (1)
The molar Gibbs energy G is given by
G = (1− ϕ)µA + ϕµB = µA + ϕµBA (2)
where ϕ is the mole fraction of structure B, µA and µB
are the chemical potentials of A and B. The field variable
conjugate to ϕ is µBA = µB − µA. For the molar Gibbs
energy we adopt an expression [34] that accounts for the
non-ideality of mixing in a simple symmetric form:
G = GA + ϕGBA+
RT [ϕ lnϕ+ (1− ϕ) ln(1 − ϕ) +Wϕ(1− ϕ)] , (3)
where GA is the Gibbs energy of pure structure A,
GBA = GB − GA is the difference in Gibbs energies be-
tween the pure structures, T is the temperature, and W ,
the measure of the nonideality of mixing, is generally a
function of temperature and pressure.
The condition of chemical reaction equilibrium,(
∂G
∂ϕ
)
T,P
= 0, (4)
defines the equilibrium fraction of ϕe of structure B, the
extent or degree of reaction [36, 37].
B. Nature of the Order Parameter and Classes of
Universality
The line of liquid-liquid transitions and the Widom
line [34, 38] (the smooth continuation of the transition
line into the one-phase region, shown in Fig. 1) satisfy
the condition
lnK = −
GBA
RT
= 0, (5)
where K(T, P ) is the equilibrium constant of the reac-
tion. In the theory of phase transitions [46], the condi-
tion (5) corresponds to zero ordering field h1 conjugate
to the order parameter φ1 = ϕ −
1
2
[34]. In this theory,
3the two-phase region can be treated as the analogue of
the spontaneously ordered state while other regions are
analogues of states with non-zero ordering field. Corre-
spondingly, the order parameter is zero along the Widom
line. The order parameter spontaneously emerges in the
two-phase region upon crossing the critical point and is
also non-vanishing when it is induced by non-zero order-
ing field. We also note that HDL and LDL, like other
fluids, possess continuous translational symmetry. Thus
the first-order transition between HDL and LDL is not
accompanied by global symmetry-breaking. Instead, this
transition occurs upon a change in sign of the ordering
field, h1 ∝ lnK, across the liquid-liquid transition line.
The extent of reaction is a scalar, non-conserved physi-
cal property, meaning that its excess at a certain location
is not necessarily compensated by a corresponding deple-
tion elsewhere. Examples of non-conserved order param-
eters include magnetization in ferromagnets and degree
of orientational order in liquid crystals. Thermodynam-
ics of phase transitions with conserved and non-conserved
order parameters can be quite similar. For example, all
fluids near their critical points have a scalar, conserved
order parameter (density and/or concentration). Nev-
ertheless, they belong to the same thermodynamic uni-
versality class as anisotropic (“Ising”) ferromagnets near
their Curie points, for which the order parameter is not
conserved. [46]. However, fluids and Ising ferromagnets
belong to fundamentally different universality classes in
dynamics. When a system relaxes to equilibrium, a con-
served order parameter obeys diffusion dynamics (its rate
is space-dependent), while a non-conserved parameter
equilibrates according to relaxation dynamics (the rate
is space-independent) [47]. This difference affects all dy-
namic phenomena, including spinodal decomposition and
sound propagation.
However, there is an important feature of the extent of
chemical reaction as the order parameter, which affects
both dynamics and thermodynamics. This is a coupling
of the non-conserved order parameter with conserved
properties, such as density and energy. This coupling is
controlled by two coupling constants: λ, the heat of reac-
tion (1) and the slope of the liquid-liquid transition line
in the (T, P ) plane, dP/dT = ∆S/∆V , with ∆S ∝ λ∆ϕ
and ∆V are the changes in entropy and volume, respec-
tively. The dynamics of water and aqueous solutions near
the liquid-liquid transition will be controlled by the com-
petition between the rates of diffusion and relaxation.
In this work, we consider only the mean-field approxi-
mation of the two-structure model given by equation (3).
The effects of fluctuations have been addressed in Refs.
[34, 42]. Fluctuations lead to non-analytic behavior of
thermodynamic properties in the immediate vicinity of
the critical point and cause a small shift in the critical
parameters, however they do not qualitatively change the
results presented here.
C. Aqueous Solutions: Offspring of Water’s
Polyamorphism
1. Isomorphism
There is a well-developed approach to treating the
thermodynamics of mixtures near their critical points,
known as “isomorphism” [48]. Based on an examination
of the stability criteria in fluids, it has been postulated
that upon the addition of solute, the form of the equa-
tion of state remains unchanged under the condition of
constant thermodynamic fields, including chemical po-
tentials [22, 23, 48–52].
The molar Gibbs energy of a binary system is expressed
through the chemical potentials of the two components,
solvent and solute, µ1 and µ2 as
G = (1− x)µ1 + xµ2 = µ1 + x(µ2 − µ1), (6)
where x is the mole fraction of solute and δ =
(∂G/∂x)
T,P
= µ2 − µ1 is the thermodynamic field con-
jugate to x, and
dG = V dP − SdT + δdx. (7)
In the theory of isomorphism, the chemical potential
of the solvent in solution, µ1 = G − xδ, which is the
same in the binary-fluid coexisting phases, replaces the
concentration-dependent Gibbs energy as the relevant
thermodynamic potential such that
dµ1 = V dP − SdT + xdδ (8)
There are two alternative cases of fluid-fluid separa-
tion in a binary solution. One is caused by non-ideality
of mixing between the two species. The other is the off-
spring of a transition in the pure solvent. The former case
is typical for liquid-liquid separation in weakly compress-
ible binary solutions, while the latter case is observed
as fluid-fluid transitions stemming from the vapor-liquid
transition in the pure solvent. For the second case, the
mixing of the two species in the solution does not need
to be non-ideal, as the phase separation in the solution
is a continuation of the phase-separation in the pure sol-
vent [53]. Kurita et al. reported on a liquid-liquid phase
transition in binary solutions of triphenyl phosphite with
organic solutes such as diethyl ether or ethanol [54]. This
transition stems from separation of pure triphenyl phos-
phite into liquid and amorphous states. We model liquid-
liquid transitions in supercooled aqueous solutions as in-
stances of this latter case.
The stability criterion in fluid mixtures can be written
in a form convenient for the latter case:(
∂P
∂V
)
T,δ
=
(
∂P
∂V
)
T,x
+
(
∂P
∂x
)2
T,V
(
∂x
∂δ
)
T,V
≤ 0. (9)
We assume that the form of the isomorphic thermody-
namic potential, which is the chemical potential of water
4in solution µ1, is the same as that of the Gibbs energy of
pure solvent (water) given by Eq. ((3)):
µ1 = µA + ϕµBA = µ1A + ϕµ1BA+
RT [ϕ lnϕ+ (1 − ϕ) ln(1 − ϕ) +Wϕ(1− ϕ)] (10)
where µ1A is the chemical potential of pure state A, and
µ1BA = µ1B − ϕµ1A, is the difference in the chemical po-
tentials between the pure states. The only, but essential,
difference from the pure-solvent thermodynamics is that
the critical parameters, Tc and Pc, and the nonideality
parameter W are now functions of the chemical poten-
tial difference δ = µ2 − µ1.
We must note that the chemical potentials of the two
components, solvent and solute, are not the chemical po-
tentials µA and µB of two alternative structures in wa-
ter; µ1 and µ2 are controlled by the concentration of so-
lution and interactions between the solvent and solute
molecules.
2. Implications of Constant Composition
The calculation of the properties at constant composi-
tion, the derivatives of the Gibbs energy, require perform-
ing a Legendre transformation G = µ1+µx. In addition,
we use an approximation, called the critical-line condi-
tion [23], that requires along the critical line in solution
x = xc = e
δ/RT . (11)
When a critical line emanates from the critical point of
the pure solvent, the principal thermodynamic property
that controls the behavior of solutions at constant com-
position is the so-called Krichevskii parameter defined in
the dilute-solution limit as [55]
K = lim
x→0
(
dP
dx
)
c,cxc
=
dTc
dx
[
dPc
dTc
−
(
dP
dT
)
c,cxc
]
. (12)
where (dP/dT )
c,cxc is the slope of the line of liquid-
liquid coexistence at the critical point of pure solvent.
The derivatives dTc/dx and dPc/dTc determine the ini-
tial slopes of the critical line in the (T, P, x) space.
Thus, since in the limit of the solvent critical point
(dP/dx)c,cxc = (∂P/∂x)T,V , the absolute stability limit
(spinodal) can be formulated through the Krichevskii pa-
rameter as(
∂P
∂V
)
T,δ
=
(
∂P
∂V
)
T,x
+K2
(
∂x
∂µ
)
T,V
= 0. (13)
Along the critical line the inverse compressibility at con-
stant composition vanishes in the pure solvent limit as(
∂P
∂V
)
T,x
= −xK2 → 0. (14)
Note that if the fluid phase separation in solutions stems
from the transition in pure solvent, the stability criterion
of a pure fluid smoothly transforms into the stability cri-
terion of a solution.
If the solute dissolves more favorably in the higher-
pressure phase, then le Chatelier’s principle indicates
that the phase transition at a given temperature will
move to lower pressures, and vice versa. The direction
in which the phase transition pressure moves at constant
temperature, positive or negative, indicates the sign of
the Krichevskii parameter. This does not necessarily
mean that the sign of dPc/dx determines the sign of
the Krichevskii parameter, as this derivative is influenced
both by the movement of the transition line in the (T, P )
plane and the movement of the critical point along that
line.
In binary fluids, the critical point becomes a critical
line and the phase-transition line becomes a surface of
two-phase coexistence in the “theoretical” (T, P, δ) space.
However, in the “experimental” (T, P, x) space the be-
havior of thermodynamic properties evaluated at con-
stant composition will, in general, be different from that
of the corresponding properties in the pure solvent and
from that of the isomorphic properties in solutions (eval-
uated at constant chemical-potential difference δ). Re-
markably, the nature and magnitude of this difference
depend primarily on the value of the Krichevskii param-
eter [22, 23].
In particular, the concentration gap in the (T, x) plane
at constant temperature can be found from Eq. (8) as(
dP
dδ
)
T,cxc
=
∆x
∆V
, (15)
where ∆V is the difference in volume of the coexisting
phases. In the dilute-solution approximation, dx/dδ =
x/RT , so the concentration gap at the first-order transi-
tion and constant pressure can be evaluated through the
Krichevskii parameter, ∆V , and the slope of the transi-
tion line as
∆x ≃ −xK
∆V
RT
, (16)
where x = xc in accordance with the critical-line condi-
tion (11). Correspondingly, the temperature gap at con-
stant composition can be evaluated as (see Appendix)
∆T ≃ xK2
∆V
RT
(
dT
dP
)
c,cxc
. (17)
In the solvent-critical-point limit, ∆V ∝ x and the phase
diagram develops a so-called “bird’s beak” where the con-
centration gap vanishes to first order in x and the two
branches of the transition merge with the same tangent
[24, 55].
The above-described thermodynamics explains possi-
ble phase behavior of a supercooled aqueous solution with
a critical line emanating from the pure solvent (water)
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FIG. 2. An example of phase boundaries at constant compo-
sition in a supercooled aqueous solution exhibiting a liquid-
liquid transition between HDL and LDL. The black curve is
the liquid-liquid transition in pure water, terminated at the
critical point C. The critical line is shown by solid red with
the critical point of the solution labeled C′. The blue curve
shows the appearance of the first droplet of of LDL. The green
curve shows the disappearance of the last droplet of HDL. The
blue and green dashed curves are the thermodynamic stabil-
ity limits of HDL and LDL, respectively. The shaded region
shows where HDL forms by nucleation. The dotted lines la-
beled 1,2,3, and 4 show different thermodynamic paths as
explained in the text.
critical point, as shown in Figs. 2 and 3. Only in a special
case, when the the critical line and the liquid-liquid tran-
sition line merge with the same slope in the (P, T ) plane,
the Krichevskii parameter is zero, and the liquid-liquid
transition in solution will be isocompositional. That case
corresponds to the so-called critical azeotrope [22, 23].
The case demonstrated in Figures 2 and 3 corresponds
to a negative value of the Krichevskii parameter. The
sign of the Krichevskii parameter determines the parti-
tion of the solute between the coexisting phases. The
negative sign of the Krichevksii parameter means that
HDL has a higher concentration of the solute.
The existence of phase separation in two-structure
thermodynamics, caused by coupling of the order param-
eter with density and entropy, raises an interesting ques-
tion on the path dependence of the character of spinodal
decomposition in such systems. Conventionally, spinodal
decomposition in fluids is observed along the critical iso-
chore which, asymptotically close to the critical point,
merges with the Widom line. For this path, the final
equilibrium state will be the two-phase coexistence be-
tween liquid and vapor. However, if a fluid, initially (for
example) in the gaseous state, is quenched at constant
pressure to the liquid state, the formation of the new
equilibrium state may occur by two alternative mecha-
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FIG. 3. Schematic T -x diagram of a supercooled aqueous so-
lution exhibiting a liquid-liquid transition between HDL and
LDL. The red line is the critical line with the critical point
of pure water labeled C and the critical point of the solution
at a certain concentration C’. Solid blue and green lines show
the coexistence between two phases, HDL and LDL, respec-
tively. Blue and green dashed lines show the thermodynamic
stability limits of HDL and LDL, respectively.
nisms, either nucleation or spinodal decomposition, both
without macroscopic phase separation. The same will
be true for the liquid-liquid transition in water. This is
illustrated in Fig. 2. The conventional spinodal decom-
position toward macroscopic phase separation will be ob-
served upon quenching along paths 1 (pure water) and 3
(solution). However, if the final equilibrium state is lo-
cated in the shaded region between the spinodal (the ab-
solute stability limit of the high-temperature liquid) and
the phase transition line, the new state will be formed by
nucleation without macroscopic phase separation. If the
final state is reached beyond the spinodal, the process will
be similar to spinodal decomposition, but without macro-
scopic phase separation. These events are illustrated in
Fig. 2 by thermodynamic paths 2 and 4.
6III. RESULTS
A. Suppression of Heat Capacity Anomaly in
Aqueous Solutions of Sodium Chloride
The experimental information on the thermodynamic
properties of supercooled aqueous solutions of salts, in
particular of NaCl, is very limited. The available data are
the isobaric heat capacity measurements of Archer and
Carter [33], and the density measurements of Mironenko
et al. [56], both at atmospheric pressure. Archer and
Carter observed that for small NaCl concentrations, upon
lowering the temperature, the heat capacity increases in
the supercooled region. As the salt concentration is in-
creased, this anomalous rise in heat capacity moves to
lower temperatures and decreases in magnitude, virtu-
ally disappearing for salt concentrations greater than 2
mol/kg. Mironenko et al. found that as the concentra-
tion of NaCl was increased, the density of the solution
increased while the density maximum moved to lower
temperatures [56]. About forty years ago, Angell ob-
served the suppression of the heat capacity anomaly in
supercooled water upon addition of lithium chloride [57],
qualitatively similar to the effects reported by Archer and
Carter for sodium chloride [33]. In light of what can be
inferred about the movement of the locus of liquid-liquid
phase transitions upon addition of NaCl, this behavior of
the heat capacity is precisely what thermodynamics pre-
dicts if the anomaly in pure supercooled water is indeed
associated with a liquid-liquid critical point.
Homogeneous ice nucleation in solutions of NaCl is
shifted to lower temperatures as the concentration of salt
increases [27, 29], with the lines of homogeneous nucle-
ation keeping nearly the same shape in the (T, P ) plane
as in pure water [27]. The kinks in the melting lines
of metastable phases of ice in aqueous solutions of LiCl,
observed by Mishima, suggest that the liquid-liquid tran-
sition also moves to lower temperatures and pressures as
the salt is added, remaining just below the temperature
of homogeneous nucleation for any given concentration
of solute [30]. Mishima has also observed that the tran-
sition in amorphous water between the HDA and LDA
phases moves to lower pressures upon addition of LiCl
[58].
Hypothesized phase behavior of supercooled aqueous
solutions of sodium chloride showing the liquid-liquid
transitions between HDL and LDL is presented in Fig.
1. The location of the critical point in pure water along
the liquid-liquid transition is uncertain; in Fig. 1 it is
shown according to the recent estimate, about 13 MPa,
of Ref. [34]. However, according to the analysis of Ref.
[34], one can currently only say that the critical pres-
sure is smaller than 30 MPa, and could even be negative.
Above the lines of homogeneous ice formation, negative
pressures are experimentally accessible and correspond
to doubly metastable liquid water, with respect to both
the solid and vapor states [59]. Liquid-liquid transitions
at these pressures are an intriguing possibility [5, 60–62].
Simulations on the TIP4P[32] and mW [63] models of
water suggest that hydrophilic solutes dissolve more eas-
ily in HDL than in LDL, the tetrahedral structure of
which they tend to disrupt. This further corroborates the
hypothesis that the liquid-liquid transition and Widom
line will move to lower pressures (at constant tempera-
ture) and to lower temperatures (at constant pressure)
as the concentration of salt increases. Corradini and
Gallo examine the slope of the liquid-liquid phase tran-
sition line and the position of the liquid-liquid critical
point in TIP4P water at several concentrations of NaCl
[32]. From these results we can estimate the derivatives
in Eq. (12) as follows: dTc/dx = 770 K, dPc/dTc =
−13.1 MPa/K, and (dP/dT )cxc = −3.1 MPa/K, yielding
a value of -7700MPa for the Krichevskii parameter in this
water model. Such a large magnitude of the Krichevskii
parameter indicates that the critical anomalies will be
greatly suppressed even for small concentrations of NaCl,
and its sign indicates that NaCl dissolves better in HDL
than in LDL.
As can be seen in Fig. 4, our equation of state is
in qualitative agreement with simulation studies on the
TIP4P model of water. Both our equation of state
and the simulations of Corradini and Gallo [32] display
a large, negative value of the Krischevksii parameter,
driven primarily by the movement of the critical point
to lower pressures. Corradini and Gallo also find a slight
increase in the critical temperature as NaCl is added, and
they find a smaller slope for the LLT. A re-scaling of the
transition line obtained for the TIP4P model to match
the slope of the transition line in our equation of state
suggests an almost vertical critical line in real NaCl so-
lutions (Fig. 4). A vertical critical line is adopted in our
equation of state and, as shown below, is also supported
by further analysis of the heat capacity data.
Simulations, experiments on the metastable ices in
aqueous LiCl, and experiments on the homogeneous nu-
cleation in NaCl are thus in agreement that the locus
of liquid-liquid transitions moves rapidly to lower tem-
peratures and pressures upon addition of NaCl, yield-
ing a negative Krichevskii parameter on the order of
103 MPa. In order to form a more precise estimate for
our model, we take note of Mishima’s evidence that in so-
lutions of LiCl, the liquid-liquid transition remains just
below the line of homogeneous ice nucleation as both
move to lower temperatures and pressures [30]. With a
linear approximation for the curve comprising the locus
of liquid-liquid phase transitions and the Widom line,
the Krichevskii parameter can be calculated based on
the movement of this curve, regardless how the critical
point might move along it. Thus, taking the behavior of
the line of homogeneous nucleation as a proxy for that
of the line of liquid-liquid phase transitions, Ref. [27]
gives a Krichevskii parameter of K = −2230 MPa and
Ref. [29] gives K = −2860 MPa. Within that range,
the value that we adopt for the Krichevskii parameter
makes only a small difference in the fit of the model to
the data, and the slope of the critical line makes little dif-
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FIG. 4. A comparison of our equation of state with the simu-
lation results of Corradini and Gallo for the TIP4P model [32].
Because the systems have very different critical pressures, the
features are presented in terms of difference from the critical
point in variables reduced by the critical parameters of the
system, as indicated. The blue solid line and blue dashed line
show linear approximations of the LLT and Widom line, re-
spectively, for our equation of state. The green solid line and
green dashed line show a linear approximation of the LLT
and Widom line, respectively as reported in Ref. [32] for the
TIP4P model. Green circles show the critical points calcu-
lated at different mole fractions of NaCl in simulation with
the thin green line as a guide to the eye, whle the red line
shows the critical line for our equation of state. The critical
point of H2O is shown as a red circle. Top: our data and that
of Corradini et al. Bottom: data of Corradini et al. re-scaled
so that the the LLT has the same slope as in our equation of
state.
ference provided that the dominant contribution to the
Krichevskii parameter comes from the movement of criti-
cal point to lower pressures, as suggested by [32]. We find
that a vertical critical line and a Krichevskii parameter
of K = −2860 MPa provides the most accurate calcula-
tions of the heat capacity, and accordingly adopt these
parameters.
Salts and sugars depress the temperature of maximum
density in water [64]. For dilute solutions of simple elec-
trolytes such as NaCl, there is a linear relationship be-
tween the concentration of the solute and the and de-
pression of the temperature of maximum density, a re-
lationship known as Despretz’s law [65–67]. For those
salinities at which data exist, our equation of state re-
produces this phenomenon adequately and matches the
experimental data, as shown in Fig. 5.
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FIG. 5. Temperature of maximum density in aqueous solu-
tions of supercooled water. The black line shows the equation
of state used in this work, while the red squares and blue cir-
cles show the measurements of Refs. [65] and [64] respectively.
To calculate the isobaric heat capacity at constant
composition we use the thermodynamic relation between
this experimentally available property and the “theoret-
ical” (isomorphic) heat capacity CP,δ = T (∂S/∂T )P,δ :
CP,x = CP,δ − T
(∂x/∂T )
2
P,δ
(∂x/∂δ)
P,T
, (18)
yielding
CP,x
R
=
T
R
(
∂S
∂T
)
P,x
= aˆ2
χ1
1 + x(φ1Lˆ+ Kˆ)2χ1
+B, (19)
where the background heat capacity B is approxi-
mated as a polynomial function of T and x, and aˆ =
(ρcR)
−1(dP/dT )c,cxc, Kˆ = K/ρcRTc, χ1 is a strongly di-
vergent susceptibility, and Lˆ = (dPc/dx) /ρcRTc (see Ap-
pendix).
Equation (19) describes the crossover of the heat ca-
pacity between two limits. In the limit x → 0 one re-
covers the expression for the heat capacity of pure water,
diverging at the critical point as
Cp
R
= aˆ2χ1. (20)
As the solution critical point is approached, χ1 → ∞,
φ → 0, and the heat capacity approaches a finite value,
8growing with decreasing concentration:
CP
R
→
aˆ2
xKˆ2
+B. (21)
The large negative value of the Krichevskii parame-
ter for this system, Kˆ ≃ −30 is mainly responsible for
the significant suppression of the heat capacity anomaly
even in dilute solutions of NaCl. The results of fitting
Eq. (19) to the experimental data of Archer and Carter
are shown in Fig. 6. To describe the heat capacity of
NaCl solutions, we have used the mean-field version of
the equation of state developed by Holten and Anisimov
[34] with the extrapolated mean-field value of the critical
pressure in pure water, practically equal to atmospheric
pressure. The agreement between the theory and exper-
iment is remarkable.
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FIG. 6. Suppression of the anomaly of the heat capacity in
aqueous solutions of sodium chloride. Symbols: experimental
data of Archer and Carter [33]. Solid curves: predictions
based on two-state thermodynamics. Dashed curve shows the
positions of the melting temperatures as given by the IAPWS
formulation for saltwater [68]. Dashed-dotted curve shows the
temperatures of homogeneous ice formation [27].
B. Liquid-Liquid Transition in Glycerol-Water
Addition of glycerol lowers the temperature of homo-
geneous nucleation. Glycerol stabilizes the liquid state,
because hydrogen bonding between water and glycerol
increases the nucleation barrier for ice formation [35].
At mole fractions of glycerol x ≥ 0.135, Murata and
Tanaka have reported on phase transitions between two
liquid states in the solution. They observed two al-
ternative types of kinetics in the formation of the low-
temperature liquid state: nucleation and spinodal de-
composition. They have also found that the transition
is mainly driven by the local structuring of water rather
than of glycerol, suggesting a link to the hypothesized
transition between LDL and HDL in pure water. How-
ever, Murata and Tanaka have also claimed that the tran-
sition between two liquids in supercooled water-glycerol
solutions is “isocompositional,” i. e., at the transition
point, LDL and HDL have the same concentration of
glycerol. They also argue that the transition occurs with-
out macroscopic phase separation. Furthermore, they re-
late these putative features of the phase transition to the
non-conserved nature of the order parameter.
We suggest an alternative interpretation of the exper-
iments of Murata and Tanaka. As we have shown above,
the HDL-LDL transition in aqueous solutions stemming
from the transition in pure water cannot be isocomposi-
tional, except for the case of a special behavior of the
critical line, yielding the Krichevskii parameter to be
zero. Moreover, it cannot take place without macroscopic
phase separation if there exists a coupling between the
order parameter and density and concentration.
As suggested by Murata and Tanaka, In HDL glyc-
erol molecules destabilize hydrogen bonding as pres-
sure does in pure water, whereas in LDL cooperative
inter-water hydrogen bonding and the resulting enhance-
ment of tetrahedral order promote clustering of glycerol
molecules. This suggests that the critical line emanat-
ing from the critical point of pure water continues down
to negative pressures, while the critical temperature de-
creases. Therefore, the difference in interaction of glyc-
erol molecules with the two alternative liquid structures
practically rules out the possibility that the critical point
moves tangent to the phase transition line (dP/dT )c,cxc.
Thus the coexisting phases will not have the same com-
position and the Krichevskii parameter will not be zero.
Adopting the extrapolation of Murata and Tanaka for
atmospheric pressure, the critical point of the solution
will be found at x ≃ 0.05 and T ≃ 225 K, and locating
the critical point of pure water at 13 MPa and 227 K
as suggested in Ref. [34], we obtain from equation (12)
the Krichevskii parameter to be K ≃ −600 MPa. The
temperature gap for the transition at constant concen-
tration, e. g. x = 0.165 and atmospheric pressure can
be evaluated from equation (17). The difference in the
molar volumes ∆V/Vc of the coexisting phases can be
estimated as about 0.05 based on the distance between
the transition at atmospheric pressure and the critical
point at the same concentration of glycerol. Then we
find ∆T ≃ 5 K.
In light of this, it is unsurprising that Murata and
Tanaka observed the formation of LDL alternatively by
spinodal decomposition and by nucleation without ob-
serving macroscopic phase separation at x = 0.165. As
illustrated in Fig. 2, the transition should occur through
spinodal decomposition if it takes place below the abso-
9lute stability limit of the HDL phase, and by nucleation
and growth if it takes place between the point where the
last drop of HDL vanishes in the meta-stable state and
the absolute stability limit. The slow kinetics in super-
cooled water-glycerol and the narrow width ∆T of the
two-phase region make this scenario worthy of considera-
tion. However, available experimental data of the phase
behavior of supercooled glycerol aqueous solutions are
still inconclusive. Other interpretations of the results
reported by Murata and Tanaka [35], in particular re-
garding the role of partial crystallization, might be con-
sidered. Further experimental studies of this system are
highly desirable.
IV. CONCLUSION
Peculiar behavior of supercooled aqueous solutions
may be an indication of metastable water’s polyamor-
phism. Analysis of the scenario in which liquid-liquid
transitions in binary solutions are offspring of the hy-
pothesized transition between HDL and LDL in the sol-
vent (pure water) show that thermodynamics imposes
certain restrictions on the behavior of such binary solu-
tions. In particular, the transition is generally accompa-
nied by macroscopic phase separation due to the coupling
between a non-conserved order parameter characterizing
the difference in the structures of HDL and LDL and
conserved properties, such as density and concentration.
The width of the macroscopic phase separation and the
change in the thermodynamic anomalies is mainly con-
trolled by the Krichevskii parameter, a combination of
the direction of the critical line emanating from the pure-
water critical point and the slope of the liquid-liquid tran-
sition in the (P, T ) space. The critical anomalies shown
by the response functions in the pure fluid will be sup-
pressed when measured at constant composition in the
solution. The fact that the crossover behavior of the
heat capacity in metastable aqueous solutions of NaCl is
well described by this thermodynamics supports the idea
of water’s polyamorphism.
Unlike the well understood liquid-liquid phase separa-
tion in binary solutions caused by sufficient non-ideality
of mixing between two species, the transitions spring-
ing from of the liquid-liquid transition in pure water are
not driven by non-ideality of mixing between the solute
and the solvent. For example, nearly ideal mixtures of
metastable H2O and D2O could manifest the critical line
connecting the liquid-liquid critical points of these two
species. In this particular case, the only reason for liquid-
liquid transition is sufficient non-ideality of mixing be-
tween two alternative structures in each species.
In solutions, upon a quench at constant pressure and
constant overall composition, the formation of the new
equilibrium state may occur by two alternative mecha-
nisms, nucleation or spinodal decomposition, each either
with or without macroscopic phase separation. This will
depend on the path which is used to approach the equi-
librium state and on the nature of the state. If the tem-
perature gap of the transition is narrow and if the final
equilibrium state is macroscopically homogeneous, both
nucleation and spinodal decomposition will occur with-
out macroscopic phase separation.
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VI. APPENDIX: SCALING FIELDS AND THE
KRICHEVSKII PARAMETER
A. Heat Capacity at Constant Composition
In the theory of critical phenomena, the thermody-
namic potential can be separated into a regular back-
ground part and a critical part. The critical part of the
potential is associated with the dependent scaling field
h3, which can be expressed in terms of two independent
scaling fields: the ordering field h1 and the second, “ther-
mal” field h2.
h3 = φ1dh1 + φ2dh2, (22)
where φ1 is the order parameter and φ2 is the second
(weakly fluctuating) scaling density.
When the molar Gibbs energy G(T, P ) is used as the
thermodynamic potential, the independent scaling fields
can be expressed in linear approximation as combinations
of the temperature T and pressure P , expressed as [34,
38, 69, 70]
h1 = a1∆P + a2∆T, (23)
h2 = b1∆T + b2∆P. (24)
For pure water, we take
a1 =
1
ρcRTc
a2 = −
1
ρcRTc
(
dP
dT
)
c,cxc
, (25)
b1 = 0 b2 =
1
ρcRTc
, (26)
where (dP/dT )
c,cxc
is the slope of the phase transition
line at the critical point. The condition b1 = 0 corre-
sponds to an entropy-driven phase separation [34].
In a two-component mixture there is an additional
thermodynamic degree of freedom to consider, and the
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scaling fields should be generalized to [22, 23]
h1 = a1∆P + a2∆T + a3∆δ, (27)
h2 = b1∆T + b2∆P + b3∆δ. (28)
According to the principle of critical-point universal-
ity, the dependent scaling field h3 must depend on the
independent scaling fields h1 and h2 in the same way for
a mixture as for a pure fluid. Our approximation that
the isomorphic Gibbs energy µ1 = G − xδ retains the
same form in mixtures as in pure water entails that the
coefficients in the scaling fields, a1, a2, b1, and b2 remain
unchanged.
With respect to an arbitrary point on the critical line,
the scaling fields can be expressed to linear order as
h1 = a1∆P + a2∆T −
(
a1
dPc
dδ
∆δ + a2
dTc
dδ
∆δ
)
, (29)
h2 = b2∆P −
(
b2
dPc
dδ
∆δ
)
. (30)
So we can approximate
a3 = −
(
a1
dPc
dδ
+ a2
dTc
dδ
)
, (31)
b3 = −b2
dPc
dδ
. (32)
The critical-line condition [23] implies that
(∂δ/∂x)T,P = RTc/x, therefore
a3 = −
x
ρc(RTc)2
[
dPc
dx
−
(
dP
dT
)
c,cxc
dTc
dx
]
, (33)
b3 = −
x
ρc(RTc)2
(
dPc
dx
)
. (34)
Thus a3 is associated with the Krichevskii parameter in
accordance with equation (12); b3 is associated with the
parameter K2 = dPc/dx, which plays a secondary role in
the behavior of response functions at constant composi-
tion.
We now evaluate the response functions entering equa-
tion (18). The critical parts of these response functions
can be expressed in terms of the scaling susceptibilities,
which are defined as follows in the mean-field approxi-
mation:
χ1 =
(
∂2h3
∂h21
)
h2
, (35)
χ2 =
(
∂2h3
∂h22
)
h1
= φ21χ1, (36)
χ12 =
(
∂2h3
∂h1∂h2
)
= φ1χ1. (37)
With b1 = 0, the critical parts of the response functions,
denoted with a superscript c, read:
1
RTc
(
∂S
∂T
)c
P,δ
= a22χ1, (38)
1
ρcRTc
(
∂x
∂T
)c
P,δ
= a2a3χ1 + a2b3χ12, (39)
1
ρcRTc
(
∂x
∂δ
)c
P,T
= a23χ1 + 2a3b3χ12 + b
2
3χ2. (40)
We approximate the the regular parts of the response
functions, denoted by a superscript r, as(
∂x
∂T
)r
P,δ
= 0, (41)
(
∂x
∂δ
)r
P,T
=
x
RTc
, (42)
(
∂S
∂T
)r
P,δ
=
(
∂S
∂T
)r
P,x
. (43)
Then, from equation (18) we have
CP,x
R
=
CrP,x
R
+ aˆ2
χ1
1 + x(φ1Lˆ+ Kˆ)2χ1
. (44)
B. Width of the Two-Phase Region Constant
Temperature
A linear approximation of the coexistence surface,
P−
(
P 0c +
dPc
dδ
∆δ
)
=
(
dP
dT
)
c,cxc
(
T −
(
T 0c +
dTc
dδ
∆δ
))
,
(45)
gives(
dP
dδ
)
T,cxc
=
dPc
dδ
−
(
dP
dT
)
c,cxc
dTc
dδ
(46)
≃
x
RTc
[
dPc
dx
−
(
dP
dT
)
c,cxc
dTc
dx
]
(47)
≃
x
RTc
K, (48)
where here and below x = xc, as follows from the critical-
line condition (11). Thus from Eq. (15),
∆x ≃ −xK
∆V
RT
. (49)
To a first approximation, the width of the two-phase re-
gion can be estimated as
∆T ≃ ∆x
(
dT
dx
)
P,x
, (50)
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where (dT/dx)P,x is the slope of the line of symmetry
(along the average concentration x) of the two-phase re-
gion in a (T, x) plane. The approximate slope of this line
is (
dT
dx
)
P,x
=
x
RTc
(
dT
dδ
)
P,cxc
. (51)
From Eq. (45),(
dT
dx
)
P,x
≃ K
(
dT
dP
)
c,cxc
. (52)
Therefore,
∆T ≃ xK2
∆V
RT
(
dT
dP
)
c,cxc
. (53)
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